Recently, the study of topological phase transitions and edge states for acoustic wave systems has become a research hotspot. However, most current studies on topological edge states are based on Bragg scattering, which is not practical to apply in situations involving low-frequency sound because of the large structural dimensions. Therefore, we construct in this study a graphene-like structure based on a sub-wavelength resonant unit Helmholtz resonator and adjust the acoustic capacitance diameter of adjacent units to change the local resonance frequency, and thereby impose the degeneracy of the Dirac cone and topological spin states, which is characterized by valley Chern numbers of opposite sign. We also check topological valley edge states at zigzag and armchair interfaces and find that gapless topological valley edge states only appear at zigzag interfaces, whereas armchair interfaces host gap edge states. Moreover, the results show that the transmission properties of edge states in a zigzag rectangular waveguide are immune to backscattering and defects.
Introduction
In recent years, the development of the quantum Hall effect, quantum spin Hall effect, and topological insulators in condensed-matter physics has inspired the study of topological phase transitions and edge states for classical wave systems such as phononic crystals. As with electronic materials, these classical wave systems can be used to make bandgap structures by designing artificial periodic structures, but they belong to the class of bosonic systems and have no obvious response to external magnetic fields considering the spin effect. Meanwhile, the linear acoustic wave equation remains invariant under time reversal, so it cannot be simply analogous to spin degeneracy. To solve this problem, researchers implemented the acoustic analogous quantum Hall effect, Floquent topological insulators, and topological edge states in acoustic systems by introducing a circulating background airflow (similar to the effect of magnetic field) [1] , time-space modulation [2] , and coupling resonance [3] . Furthermore, researchers implemented phononic analogs of the quantum spin Hall effect and topological boundary states by constructing a lattice structure with a specific symmetry, which creates a sonic pseudospin state by breaking space-inversion symmetry [4] [5] [6] . This method of breaking space-inversion symmetry to implement an acoustic topological phase is simple, practical, and very promising for the development of topological acoustics.
Helmholtz resonators and concentrated-mass locally resonant units violate the mass-density law, and thereby allow effective control over long-wavelength sound waves [7] . Therefore, introducing these sub-wavelength locally resonant units into the design of topological acoustic systems is likely to solve the operational problems caused by low-frequency sound waves. However, poor impedance matching between concentrated-mass locally resonant units and the air leads to poor energy transmittance. Therefore, we construct in the present study a graphene-like structure by using a subwavelength resonant unit Helmholtz resonator and adjust the acoustic capacitance diameter of the adjacent units to change the local resonance frequency, and thereby make the Dirac cone degenerate with topological spin states. We demonstrate the existence of topological transitions by varying the radii of the two adjacent acoustic chambers; these transitions are characterized by valley Chern numbers of opposite sign. In addition, the valley-protected topological edge states are confirmed along the interfaces separating the topological insulators with opposite spin states. the entire structure has a C3v point group structure, which has triple mirror symmetry and triple rotational symmetry. When the diameters of A and B are not equal, the mirror symmetry of the entire structure is broken, and the system degrades from a C3v symmetry to a C3 symmetry.
RESULTS AND DISCUSSION
Employing the finite-element software COMSOL Multiphysics to calculate the band structure of the Helmholtz metamaterials, the calculation model was reduced to a single unit, as shown in Fig. 1 
.
which is far less than the frequency corresponding to the wavelength of the sound wave. Moreover, the resonance frequency may be tuned by adjusting the geometric parameters. This approach leads to a good design for sub-wavelength topological acoustic systems. Figure 3 shows the variation of the frequency extremes with Δr at the K point in the Brillouin zone.
As the absolute value of Δr increases, the local resonance frequencies between adjacent lattices differ more, causing the sub-wavelength band gap to gradually increase. When Δr = 0, the sub-wavelength band gap closes because of the symmetry at the K point, with q + and p − forming a degenerate state. As
Δr varies from −3 to 3 mm, the band gap near the sub-wavelength Dirac cone opens, closes, and then reopens. The inset in Fig. 3 shows the absolute sound pressure distribution at the extremes of the frequency for Δr = −0.25 mm and Δr = 0.25 mm. The valley states q + and p − have opposite vortex directions (at the lattice point of the hexagonal lattice). When Δr = −0.25mm, q + at the upper cutoff frequency of the bandgap has clockwise chirality, whereas p − at the lower cutoff frequency of the band gap has anticlockwise chirality. When Δr = 0.25 mm, the energy band is reversed, and the valley states q + and p − exchange their spin states; that is, q + is located at the lower cutoff frequency of the band gap and p − is located at the upper cutoff frequency of the bandgap. The band structure of the Helmholtz acoustic metamaterial structure reverses with changes in the diameter of the adjacent lattice cavity, which stimulates the sub-wavelength topological phase transition and spin state.
To better understand this topological phase transitions, we introduce a nonzero valley Chern number.
Through the k•p perturbation method, the topological phase transition can be described by the continuum Hamiltonian [Zhang et al., 2017 ]
where VD is the Dirac velocity of the conic dispersion at Δr = 0 mm, δk is the momentum deviation from the valley center K, and are the Pauli matrices of the vortex pseudospins. The effective mass characterizes two different valley states with opposite vortices: 
The Chern number K′ can be derived from time-reversal symmetry and has the opposite sign. The valley Chern number is 夀 .
With Δr < 0, the valley Chern number is nonzero 1, and the Chern number has the opposite sign forΔr < 0 because of the reversal of the sub-wavelength band gap. Thus, the topological phase transition occurs in conjunction with a change of the valley Cher number at Δr = 0 mm, which predicts that edge states propagate along the interface between the two hexagonal lattices with opposite Δr.
CONCLUSIONS
This paper proposes a graphene-like structure based on a sub-wavelength resonant unit Helmholtz resonator to implement a sub-wavelength Dirac cone and produce topological phase transitions. The creation of sub-wavelength topological spin states depends on the radii of the two adjacent acoustic chambers, and these states are characterized by valley Chern numbers of opposite sign. We verified the topological valley edge states at two types of interfaces (zigzag and armchair) and found that gapless topological valley edge states appear only at zigzag interfaces, whereas gap edge states appear at armchair interfaces. Moreover, the results show that the transmission properties of edge states in a zigzag rectangular waveguide are immune to backscattering and defects.
